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We show that every elliptic curve over a ﬁnite ﬁeld of odd characteristic whose
number of rational points is divisible by 4 is isogenous to an elliptic curve in
Legendre form, with the sole exception of a minimal respectively maximal elliptic
curve. We also collect some results concerning the supersingular Legendre
parameters. # 2002 Elsevier Science (USA)1. INTRODUCTION
Throughout this paper, q > 1 denotes a power of an odd prime number p,
and k is a ﬁeld. Given two elliptic curves E=k and E0=k, all morphisms from
E to E0 are understood to be deﬁned over k. In particular, we simply write
EndðEÞ for the ring of all endomorphisms of E=k. The notation E ’ E 0
indicates that E is isomorphic to E 0, and E  E0 means that E and E0 are
isogenous. The endomorphism of multiplication by m 2 Z on E is denoted
by ½m. In case k ¼ Fq, it is a well known fact (see [13]) that E  E0 if and
only if jEðFqÞj ¼ jE0ðFqÞj. The Frobenius endomorphism on an elliptic curve
E=Fq will be denoted by f ¼ fq.
For charðkÞa2 and l 2 k=f0; 1g, the Legendre elliptic curve El=k is given
by the equation y2 ¼ xðx  1Þðx  lÞ. All its 2-torsion points are rational.
An arbitrary elliptic curve E=k with this property has an equation of the
form y2 ¼ xðx  aÞðx  bÞ with a; b 2 k * (after a suitable choice of co-
ordinates). Investigating the possible transformations (see [12, III, Sect. 1])
yields that E is Legendre isomorphic (i.e., isomorphic to a Legendre elliptic
curve) if and only if at least one of a;b;ða bÞ is a square in k. This is
always true when kð ﬃﬃﬃﬃﬃﬃ1p Þ is algebraically closed or when k ¼ Fq with
q  3 mod 4, but not, e.g., for k ¼ F13, a ¼ 2 and b ¼ 5. So the next
question to ask is whether E is isogenous to a Legendre elliptic curve, or
Legendre isogenous, for short. For k ¼ Fq, this can be answered
aﬃrmatively, with precisely one exception, which occurs when q is a square.o whom correspondence should be addressed.
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AUER AND TOP304Theorem 1.1. Let E=Fq be an elliptic curve. Write q ¼ r2, such that
r  1 mod 4 when q is a square. Then E is Legendre isogenous if and
only if jEðFqÞj 2 4Z=fðrþ 1Þ2g.
A proof of this result will be presented in the next section. In the third
section we collect some results concerning the supersingular Legendre
parameters, i.e., the values of l 2 Fq for which El is supersingular. Section 4
contains some remarks on the ‘average’ number jElðFqÞj when l ranges over
Fq=f0; 1g, and the ﬁnal section considers an analogue in characteristic 2.
Our motivation for studying this originated from the problem of ﬁnding
lower bounds for the maximum number Nqð3Þ of rational points on genus 3
curves over Fq. For example, we have used the main result of the present
paper to prove N3nð3Þ53n þ 6
ﬃﬃﬃﬃﬃ
3n
p  23 for every n51. We plan to present
this and similar results in a forthcoming paper.
2. ISOGENIES OF LEGENDRE ELLIPTIC CURVES
In this section we assume the characteristic of k to be diﬀerent from 2.
Lemma 2.1. Let E=k be given by y2 ¼ ðx  aÞðx  bÞðx  gÞ with
a; b; g 2 k, aabagaa. Then ðg; 0Þ 2 ½2EðkÞ , g a; g b 2 k *2.
Proof. This is true because the homomorphism (see [9, Theorem 1.2] and
[12, X, Sect. 1])
ðx  a; x  b; x  gÞ : EðkÞ ! k * =k *2  k * =k *2  k *=k *2
has kernel ½2EðkÞ and sends ðg; 0Þ to ðg a; g b; ðg aÞðg bÞÞ. ]
Given an elliptic curve E=k with Weierstrass equation y2 ¼ f ðxÞ and an
element a 2 k * , we denote by EðaÞ=k the elliptic curve with equation
ay2 ¼ f ðxÞ. Note that E ’ EðaÞ for a 2 k *2. If E=Fq and a is non-square in
Fq, then counting points by means of the quadratic character on Fq yields
jEðFqÞj þ jEðaÞðFqÞj ¼ 2q þ 2.
Lemma 2.2. Let E=k be an elliptic curve, and let a 2 k * be non-square.
Suppose E ’ EðaÞ. Then jðEÞ ¼ 1728 and kð ﬃﬃﬃap Þ ¼ kð ﬃﬃﬃﬃﬃﬃ1p Þ.
Proof. This can be seen from a calculation using the explicit form of a
possible isomorphism (see [12, III, Sect. 1 and Appendix A]). Alternatively,
one may use the theory of twisting ([12, X, Sect. 5]): the condition E ’ EðaÞ
implies that the cocycle s/½sð ﬃﬃﬃap Þ= ﬃﬃﬃap  is trivial in H1ðGalð %k=kÞ,
LEGENDRE ELLIPTIC CURVES OVER FINITE FIELDS 305Aut(E  %kÞÞ, and hence of the form s/sðjÞ 8 j1 for some
j 2 AutðE  %kÞ. Then j has order 4, from which the lemma easily
follows. ]
Let us return to the Legendre elliptic curves El=k with l 2 k=f0; 1g. It is
well known (see [12, III, Sect. 1]) that El  %k ’ Em  %k if and only if
m 2 ½l :¼ fl; 1 l; 1=l; 1 1=l; 1=ð1 lÞ; l=ðl 1Þg, the orbit of l under
the group generated by the two transformations l/1=l and l/1 l
on P1.
Proposition 2.1. Let l 2 Fq=f0; 1;1; 2; 1=2g. The following conditions
are equivalent.
(a) El ’ Em over Fq for all m 2 ½l.
(b) 1; l; 1 l 2 F* 2q .
(c) El½4ðFqÞ ’ Z=4Z Z=4Z.
If E
ðaÞ
l =Fq is not Legendre isomorphic for some a 2 F*q , then the above
conditions are satisfied.
Proof. Since 1e½l, we know that jðElÞa1728. From Lemma 2.2 and
the isomorphisms E
ð1Þ
l ’ E1l, EðlÞl ’ E1=l and Eð1lÞl ’ El=ðl1Þ one
concludes ðaÞ , ðbÞ. The equivalence of (b) and (c) follows directly from
Lemma 2.1.
If E
ðaÞ
l is not Legendre isomorphic, then a must be non-square, and none
of the curves E
ð1Þ
l , E
ðlÞ
l and E
ð1lÞ
l is isomorphic to E
ðaÞ
l since they are all
Legendre isomorphic. This implies that 1; l; 1 l 2 F*2q . ]
Proposition 2.2. Let p0 ¼ ð1Þðp1Þ=2p and suppose El=Fq is super-
singular. Then l 2 Fp2 and ElðFp2Þ ’ Z=ðp0  1ÞZ Z=ðp0  1ÞZ.
Proof. Since El is supersingular, it has j-invariant j :¼ jðElÞ 2 Fp2 (cf.
[12, V, Theorem 3.1]). Hence there exists an elliptic curve E=Fp2 such that
El  %Fp ’ E  %Fp. Multiplication by p on E is purely inseparable of
degree p2 ¼ deg f (again [12, V, Theorem 3.1]), and therefore it factors as
½p ¼ c 8 f for some automorphism c of E. Assuming ja0; 1728 for a
moment implies c ¼ ½1, hence f ¼ ½p and EðFp2Þ ¼ E½1 fð %FpÞ ¼
E½p  1ð %FpÞ ’ ðZ=ðp  1ÞZÞ2. As p  1 is even, E has an equation y2 ¼
xðx  aÞðx  bÞ with a; b 2 F*
p2
. From EðaÞ ’ Eb=a we conclude b=a 2 ½l and
therefore l 2 Fp2 . For j 2 f0; 1728g, the latter fact follows from an easy
calculation.
AUER AND TOP306Therefore we may consider El=Fp2 . Comparing the list in [14, p. 536] (see
also [15]) with the condition jElðFp2Þj 2 4Z leaves us with the cases
jElðFp2Þj ¼ ð p  1Þ2, so EðaÞl ðFp2Þ ’ ðZ=ð p0  1ÞZÞ2 for suitable a 2 F*p2 .
Now p0  1  0 mod 4, which means in particular that ð0; 0Þ 2 ½2EðaÞl ðFp2Þ.
By Lemma 2.1, this implies a 2 F*2
p2
. Hence also a is a square in F*
p2
and
thus El ’ EðaÞl . ]
We are now ready to complete the
Proof of Theorem 1.1. First of all, E  El for some l 2 Fq=f0; 1g implies
jEðFqÞj ¼ jElðFqÞj 2 4Z since ElðFqÞ contains the whole 2-torsion subgroup.
Moreover, if q is a square and El is supersingular, then f ¼ ½r on El=Fq by
Proposition 2.2, and so jElðFqÞjaðr þ 1Þ2.
To show the opposite direction, we suppose jEðFqÞj 2 4Z=fðr þ 1Þ2g for
the rest of the proof. If E does not have all its 2-torsion rational, then EðFqÞ
must contain a point P of order 4. Choose Q 2 E½2ð %FpÞ=h½2Pi. Then
fqðQÞ  Q mod ½2P, and so E˜ ¼ E=h½2Pi does have rational 2-torsion
E˜½2ðFqÞ ¼ hPmod ½2P;Q mod ½2Pi ’ Z=2Z Z=2Z, generated by the
images of P and of Q in E=h½2Pi. We therefore may assume that E is
given by an equation y2 ¼ xðx  aÞðx  bÞ with a; b 2 F*q . Hence EðaÞ ’ El
with l :¼ b=a.
Let us ﬁrst assume that E is supersingular. Once more investigating the
list in [14, p. 536] yields either jEðFqÞj ¼ q þ 1 with non-square q, or
jEðFqÞj ¼ ðr  1Þ2 with q a square. In the ﬁrst case we have
jEðFqÞj ¼ jEðaÞðFqÞj, hence E  EðaÞ, which implies the theorem. In the
second case, we must have E ’ EðaÞ ’ El by Proposition 2.2.
Now suppose E is ordinary. If E
ðaÞ
l is Legendre isogenous, the theorem is
proven. Otherwise we may assume El½4ðFqÞ ’ Z=4Z Z=4Z and 1 2 F*2q
by Proposition 2.1. Using Ru¨ck’s theorem [8], we conclude that El  E 0
where E 0=Fq is an elliptic curve with E0½4ðFqÞ ’ Z=4Z Z=2Z. Clearly,
we can choose the coordinates such that E0 has an equation y2 ¼
xðx  a0Þðx  b0Þ with a0; b0 2 F*q and ð0; 0Þ 2 ½2E0ðFqÞ. But then a0 2
F*
2
q by Lemma 2.1. Thus, E
0 ’ El0 with l0 ¼ b0=a0, and this time EðaÞl0 =Fq is
Legendre isomorphic according to Proposition 2.1. ]
3. SUPERSINGULAR LEGENDRE PARAMETERS
From Proposition 2.2, we see that not only the supersingular j-invariants
but even the supersingular Legendre parameters are in Fp2 . This is well
known; compare [3, pp. 94, 97]. The proof of Proposition 2.2 moreover
shows that these supersingular Legendre parameters are squares in F*
p2
. One
can prove an even stronger result, which also seems to be well known. See
LEGENDRE ELLIPTIC CURVES OVER FINITE FIELDS 307[1, Theorem 1.9A] for a statement of the results in this section; Brock’s
approach is rather diﬀerent from the one presented here.
Proposition 3.1. Let l 2 Fq=f0; 1g such that El is supersingular. Then
l 2 F*8
p2
.
Proof. By Proposition 2.2, we have l 2 Fp2 and ElðFp2Þ ’ ðZ=ðp0 
1ÞZÞ2 with p0 :¼ ð1Þðp1Þ=2p  1 mod 4. In particular, condition (c) of
Proposition 2.1 is satisﬁed with q ¼ p2, hence l 2 F*2
p2
. Let us ﬁx square
roots
ﬃﬃﬃ
l
p
;
ﬃﬃﬃﬃﬃﬃ1p ¼: i 2 Fp2 . By [12, III, Example 4.5], E ¼ El=hð0; 0Þi has an
equation y2 ¼ xðx þ ð ﬃﬃﬃlp þ 1Þ2Þðx þ ð ﬃﬃﬃlp  1Þ2Þ, so El  E ’ E#l with
#l :¼
ﬃﬃ
l
p
þ1ﬃﬃ
l
p 1
 2
. Because E1#l is supersingular, too, we can conclude
1 #l ¼ 2iﬃﬃ
l
p
1
 2 ﬃﬃﬃ
l
p 2 F*2
p2
. This shows that l is a fourth power in Fp2 .
Applying this result to 1 #l instead of l yields
l;
1 #l
ð1þ iÞ4 ¼
ﬃﬃﬃ
l
p
ð ﬃﬃﬃlp  1Þ2 2 F
*4
p2
: ð*Þ
The point P :¼ ð ﬃﬃﬃlp ; iðl ﬃﬃﬃlp ÞÞ 2 ElðFp2Þ has order 4, namely ½2P ¼ ð0; 0Þ.
As in the proof of Lemma 2.1, the group homomorphism
ðx; x  1; x  lÞ :ElðFp2Þ ! F*p2=F*
2
p2
 F*
p2
=F*
2
p2
 F*
p2
=F*
2
p2
has kernel ½2ElðFp2Þ and sends P to ð
ﬃﬃﬃ
l
p
;
ﬃﬃﬃ
l
p  1; ﬃﬃﬃlp  lÞ. Together with
(*) we obtain the equivalence
1 2 F*8
p2
, 16jp2  1 ¼ ðp0  1Þðp0 þ 1Þ
, p0  1 mod 8, p 2 ½2ElðFp2Þ
,
ﬃﬃﬃ
l
p
 1 2 F*2
p2
, l 2 F*8
p2
:
Since we already knew that l 2 F* 4
p2
, the desired result drops out. ]
Recall from [2, 6] that the supersingular Legendre parameters are exactly
the m :¼ ðp  1Þ=2 distinct roots of the Deuring polynomial
HpðxÞ ¼ ð1Þm
Pm
k¼0 ðmkÞ2xk 2 Fp½x. Thus, Proposition 3.1 says that
HpðxÞ divides xðp21Þ=8  1.
AUER AND TOP308Concerning the number sp :¼ jfl 2 Fp : HpðlÞ ¼ 0gj of supersingular
Legendre parameters in Fp, we have the following. Write hðpÞ for the
class number of (the ring of integers in) Qð ﬃﬃﬃﬃﬃﬃpp Þ.
Proposition 3.2. The number sp of supersingular Legendre parameters in
Fp satisfies
(a) sp ¼ 0 if and if p  1 mod 4.
(b) s3 ¼ 1.
(c) If p  3 mod 4 and p > 3, then sp ¼ 3hðpÞ.
In the proof, the following lemma will be used.
Lemma 3.1. Assume p > 3 and q  3 mod 4, and let E=Fq be an elliptic
curve with j-invariant jðEÞa0. If E is Legendre isomorphic, then there are
exactly 3 values of l 2 Fq=f0; 1g such that E ’ El.
Proof. Note that E
ð1Þ
l ’ E1l and Eð1Þ1=l ’ E11=l and Eð1Þ1=ð1lÞ ’
El=ðl1Þ. Assume j :¼ jðElÞa0; 1728 for the moment. Then ½l has 6
elements and, using Lemma 2.2, exactly one from each pair fl; 1 lg, f1=l;
1 1=lg and f1=ð1 lÞ, l=ðl 1Þg yields a curve isomorphic to El over Fq.
The remaining case j ¼ 1728 corresponds to l 2 f1; 2; 1=2g. These
three values are diﬀerent since we assume the characteristic to be > 3.
The curves E1 and E2 are obviously isomorphic. Moreover,
E
ð2Þ
2 ’ E1=2 ’ Eð1Þ1=2 ’ Eð2Þ2 . Since q  3 mod 4, one of 2;2 is a square in
F*q , hence E1=2 ’ E2, and again we ﬁnd 3 values of l 2 Fq=f0; 1g giving the
same curve. ]
Proof of Proposition 3.2. (b) holds because H3ðxÞ ¼ x  1. We now
assume p > 3. Then a supersingular elliptic curve over Fp has p þ 1 rational
points. For p  1 mod 4 this number is not divisible by 4. Therefore, sp ¼ 0
in this case. Since sp > 0 when p  3 mod 4 (this follows from Hpð1Þ ¼ 0
for such p, or alternatively, from the fact that Hp has odd degree when
p  3 mod 4, while all irreducible factors have degree 42 by Proposition
2.2), (a) follows.
To prove (c), consider a supersingular elliptic curve E=Fp with
35p  3 mod 4. Since f2 ¼ ½p on E=Fp, we have Z½ ﬃﬃﬃﬃﬃﬃpp  ’
Z½f  EndðEÞ. Now EndðEÞ is commutative (since all Fp-endomorphisms
by deﬁnition commute with f and EndðE  %FpÞ has rank 4), and therefore
EndðEÞ  Z 1
ﬃﬃﬃﬃpp
2
h i
. From this, one concludes that EndðEÞ ’ Z 1
ﬃﬃﬃﬃpp
2
h i
,
the ring of integers in Qð ﬃﬃﬃﬃﬃﬃpp Þ, precisely when 1 f is divisible by 2 in
EndðEÞ, which happens if and only if f acts trivially on E½2ð %FpÞ, in other
LEGENDRE ELLIPTIC CURVES OVER FINITE FIELDS 309words, if and only if all 2-torsion on E is Fp-rational. In particular, a
supersingular El=Fp satisﬁes EndðElÞ ’ Z 1
ﬃﬃﬃﬃpp
2
h i
.
Conversely, if an elliptic curve E=Fp satisﬁes EndðEÞ ’ Z 1
ﬃﬃﬃﬃpp
2
h i
, then
E is supersingular (the trace of an element of norm p is divisible by p in the
latter ring), and by the argument above, there are a; b 2 F*p such that E can
be given by an equation y2 ¼ xðx  aÞðx  bÞ. Hence E ’ EðaÞb=a ’ E
ðaÞ
1b=a.
Since p  3 mod 4, one of a, a is a square in F*p , and we conclude that E is
Legendre isomorphic. Moreover, jðEÞa0 because otherwise p  2 mod 3 by
supersingularity, while to have all 2-torsion rational one would need
p  1 mod 3. Hence Lemma 3.1 applies, and we ﬁnd precisely 3 values of
l 2 Fp=f0; 1g for which E ’ El.
The conclusion is that the number sp of supersingular values of l 2 Fp
equals 3 times the number of Fp-isomorphism classes of elliptic curves
E=Fp with EndðEÞ ’ Z 1
ﬃﬃﬃﬃpp
2
h i
. By Waterhouse [14, Theorem 4.5] (compare
[10, p. 194] where a small correction is given), the latter number equals
hðpÞ. ]
It is known that hðpÞ > 1
55
logðpÞ [5, p. 232; 7, p. 321]. Hence, in
particular, Proposition 3.2 implies that for p  3 mod 4, the number of Fp-
rational zeroes of Hp tends to inﬁnity when p !1.
4. SOME STATISTICS CONCERNING LEGENDRE
ELLIPTIC CURVES
We will brieﬂy discuss some statistical observations concerning
the numbers jElðFqÞj. First of all, these are integers  0 mod 4, and by the
Hasse inequality, they lie in the interval ½q þ 1 2 ﬃﬃﬃqp ; q þ 1þ 2 ﬃﬃﬃqp .
Moreover, if an integer N ¼ q þ 1 t in this interval does not occur as
the number of points of some elliptic curve over Fq, then gcdðt; qÞa1 (see
[14, Theorem 4.1]; in fact, this reference for given q even precisely describes
the remaining at most 5 values of t with gcdðt; qÞa1 for which an elliptic
curve over Fq with N points exists). It follows that there are roughlyﬃﬃﬃ
q
p ð1 1=pÞ numbers N  0 mod 4 which appear as the number of points of
some elliptic curve over Fq. By our main theorem, all but at most one of
these appear as the number of points of some El=Fq. Since there are
q  2 elliptic curves El=Fq, this implies that ‘on average’ there are roughly
p
ﬃﬃﬃ
q
p
=ðp  1Þ values of l 2 Fq=f0; 1g such that jElðFqÞj equals a given
occurring N.
AUER AND TOP310If the numbers jElðFqÞj had an average of q þ 1 over all l 2 Fq=f0; 1g,
then
SðqÞ :¼
X
l2Fq=f0;1g jElðFqÞj
would equal %SðqÞ :¼ ðq  2Þðq þ 1Þ ¼ q2  q  2. But this is impossible for
q  1 mod 4 because then %SðqÞ  2 mod 4.
Proposition 4.1. SðqÞ ¼ %SðqÞ þ 1þ ð1Þðq1Þ=2.
Proof. This can by shown by naively computing
S˜ðqÞ :¼ jfðx; y; lÞ 2 F3q : y2 ¼ xðx  1Þðx  lÞgj
¼ 2q þ jFq=f0; 1g  Fqj ¼ q2;
S0ðqÞ :¼ jfðx; yÞ 2 F2q : y2 ¼ x2ðx  1Þgj
¼ 2þ 2jF* 2q =f1gj ¼ q  ð1Þðq1Þ=2 and
S1ðqÞ :¼ jfðx; yÞ 2 F2q : y2 ¼ xðx  1Þ2gj ¼ 2þ 2jF*
2
q =f1gj ¼ q  1:
Then SðqÞ ¼ q  2þ S˜ðqÞ  S0ðqÞ  S1ðqÞ ¼ q2  q  1þ ð1Þðq1Þ=2. ]
An alternative method for computing SðqÞ is by considering the rational
elliptic surface X ! P1 corresponding to the Legendre family over the l-
line. Compare [4, p. 56] for similar calculations. The surface X has ﬁbre
Xl ¼ El over l 2 Fq=f0; 1g. Over l ¼ 1 the ﬁbre X1 consists of two P1’s
meeting in two rational points. Hence jX1ðFqÞj ¼ 2q. Over l ¼ 0 the ﬁbre X0
also consists of two copies of P1 meeting in two points; however, these
points are rational precisely when 1 is a square in Fq. This implies
jX0ðFqÞj ¼ 2q þ 1 ð1Þðq1Þ=2. Finally, the ﬁbre X1 is of Kodaira type I *2
and jX1ðFqÞj ¼ 7q þ 1. The Lefschetz trace formula now shows that
jXðFqÞj ¼ q2 þ 10q þ 1 and hence SðqÞ ¼ jX ðFqÞj  jX0ðFqÞj  jX1ðFqÞj
jX1ðFqÞj ¼ q2  q  1þ ð1Þðq1Þ=2.
5. AN ANALOGUE IN CHARACTERISTIC TWO
For the sake of completeness, we consider the situation in characteristic 2.
Let n 2 N. For each l 2 F*2n , we have the elliptic curve El=F2n given by the
equation y2 þ xy ¼ x3 þ l. Since jðElÞ ¼ 1=l, they are mutually non-
isomorphic.
LEGENDRE ELLIPTIC CURVES OVER FINITE FIELDS 311Proposition 5.1. An elliptic curve E=F2n satisfies jEðF2nÞj 2 4Z if and
only if E ’ El for some l 2 F*2n .
Proof. Recall that E=F2n is ordinary, i.e., jEðF2nÞj 2 2Z, if and only
if (after a suitable choice of coordinates) it has an equation
y2 þ xy ¼ x3 þ bx2 þ l with b 2 F2n and l 2 F*2n , and then jðEÞ ¼ 1=l (see
[12, Appendix A]). Thus, we may assume that E has such an equation. For
a 2 F2n , we denote by EðaÞ the elliptic curve with equation
y2 þ xy ¼ x3 þ ðaþ bÞx2 þ l. Then E ’ EðaÞ if and only if TrðaÞ ¼ 0, where
Tr denotes the trace from F2n to F2. Otherwise E
ðaÞ is a quadratic twist of E
and jEðF2nÞj þ jEðaÞðF2nÞj ¼ 2nþ1 þ 2  2 mod 4. It therefore remains to
verify that jElðF2nÞj 2 4Z. Treating the point at inﬁnity and ð0;
ﬃﬃﬃ
l
p Þ 2
ElðF2nÞ separately, and dividing the equation by x2, we obtain
jElðF2nÞj ¼ 2þ 2N with
N ¼ jfx 2 F*2n : Trðx þ l=x2Þ ¼ 0gj
¼ jfx 2 F*2n : TrðxÞ ¼ Trð
ﬃﬃﬃ
l
p
=xÞgj;
which is odd because x/
ﬃﬃﬃ
l
p
=x is an involution on F*2n with precisely one
ﬁxed point. ]
Applying the Frobenius isogeny f2 to El results in the curve El2 . Putting
x ¼ x and Z ¼ y þ l, one ﬁnds that El2 can be given by the equation
Z2 þ xZ ¼ x3 þ lx. For this equation, a result like the one given above can be
found in a paper by Schoof and van der Vlugt [11, p. 172].
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